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Motivation

∀c ∈ Zk (M;R) and ω ∈ Ωk
cl , ∫

c

ω ∈ Z

if and only if [ω] ∈ Hk (M,R) lies in the image of the map

Hk (M,Z) −→ Hk (M,R) ∼= Hk
dR (M)
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The Differential Cohomology Diagram

0 0

H∗−1 (M;R/Z) H∗ (M;Z)

H∗−1dR (M) Ĥ∗ (M;Z) H∗dR (M)

Ω∗−1 (M) /Ω∗−1Z (M) Ω∗Z (M)

0 0

−β

d
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Case for k = 1

0 0

H0 (M;R/Z) H1 (M;Z)

H0 (M;R) C∞ (M,R/Z) H1 (M;R)

Ω0 (M) /Ω0
Z (M) Ω1

Z (M)

0 0
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In general degree..

0 0

H∗−1 (M;R/Z) H∗ (M;Z)

H∗−1dR (M) Ĥ∗ (M;Z) H∗dR (M)

Ω∗−1 (M) /Ω∗−1Z (M) Ω∗Z (M)

0 0

−β

〈−,−〉

curv

ch

d

ı π

Ĥk (M;Z) =

{
χ ∈ Hom (Zk−1 (M;Z) ,R/Z) | ∃ω ∈ Ωk such that

χ (∂−) =
∫
− ω mod Z

}

ch (χ) = [I (χ)] where I (χ) (c) =

∫
c

curv (χ)− χ (∂c)
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Ĥk (M;Z)

Hk−1 (M;R/Z) HomZ (Hk−1 (M;Z) ,R/Z) HomZ (Zk−1 (M;Z) ,R/Z)
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Define ı : Ωk−1 (M) −→ HomZ (Zk−1 (M;Z) ,R/Z) by

ı (ω) (z) := exp

(
2πi

∫
z

ω

)
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The Differential Cohomology Diagram

H∗−1 (M;R/Z) H∗ (M;Z)

H∗−1dR (M) Ĥ∗ (M;Z) H∗dR (M)

Ω∗−1 (M) /Ω∗−1Z (M) Ω∗Z (M)

−β

〈−,−〉

curv

ch

d

ı π

Let Man be the category of smooth manifolds and GrAb, the category of graded,
abelian groups. There is a unique functor[SS08] Ĥ (−;Z) :Manop −→ GrAb
equipped with natural transformations

〈−,−〉 : Ĥ∗−1 (−;R/Z) −→ Ĥ∗ (−;Z),

ı : Ω∗−1 (−) /Ω∗−1Z (−) −→ Ĥ∗ (−;Z),

ch : Ĥ∗ (−;Z) −→ Ĥ∗ (−;Z), and

curv : Ĥ∗ (−;Z) −→ Ω∗−1Z (−)

satisfying the differential cohomology hexagon
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Some notes at https://www.academia.edu/59191057/Notes_on_ordinary_
differential_cohomology
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